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1. Introduction 

C. Deninger produced a unified description of the local factors at arithmetic infinity and at the fi- 
nite places where the local Frobenius acts semi-simply, in the form of a Ray-Singer determinant of 
a "logarithm of Frobenius" <i> on an infinite dimensional vector space (the archimedean cohomology 
H'^j.{X) at the archimedean places, cf. llj). The first author gave a cohomological interpretation of 
the space H'^^{X), in terms of a double complex K ' of real differential forms on a smooth projective 
algebraic variety X (over C or R), with Tate-twists and suitable cutoffs, together with an endomor- 
phism iV, which represents a "logarithm of the local monodromy at arithmetic infinity" . Moreover, in 
this theory the cohomology of the complex Cone(iV)' computes real Deligne cohomology of X {cf. 9 ). 
The construction of jUj is motivated by a dictionary of analogies between the geometry of the tubular 
neighborhoods of the "fibers at arithmetic infinity" of an arithmetic variety X and the geometric 
theory of the limiting mixed Hodge structure of a degeneration over a disk. Thus, the formulation 
and notation used in [H] for the double complex and archimedean cohomology mimics the definition, 
in the geometric case, of a resolution of the complex of nearby cycles and its cohomology (c/. ,28 ). 
In Section 2 and 3 we give an equivalent description of Consani's double complex, which allows us 
to investigate further the structure induced on the complex and the archimedean cohomology by the 
operators N, and the Lefschetz operator L. In Section 4 we illustrate the analogies between the 
complex and archimedean cohomology and a resolution of the complex of nearby cycles in the classical 
geometry of an analytic degeneration with normal crossings over a disk. In Section 5 we show that, 
using the Connes-Kreimer formalism of renormalization, we can identify the endomorphism N with 
the residue of a Fuchsian connection, in analogy to the log of the monodromy in the geometric case. 
In Section 6 we recall Deninger's approach to the archimedean cohomology through an interpretation 
as global sections of a real analytic Rees sheaf over R. In Section 7 we show how the action of the 
endomorphisms N and L and the Frobenius operator <I> define a noncommutative manifold (a spectral 
triple in the sense of Connes), where the algebra is related to the SL(2, R) representation associated to 
the Lefschetz L, the Hilbert space is obtained by considering Kernel and Cokernel of powers of N, and 
the log of Frobenius gives the Dirac operator. The archimedean part of the Hasse-Weil L-function 
is obtained from a zeta function of the spectral triple. In Section 8 we outline some formal analogies 
between the complex and cohomology at arithmetic infinity and the equivariant Floer cohomology of 
loop spaces considered in Givental's homological geometry of mirror symmetry. 

2. Cohomology at arithmetic infinity 

Let X be a compact Kahler manifold of (complex) dimension n. Consider the complex of C-vcctor 
spaces 

(2.1) c- ^nx(sc[u,u-^]®c[h,h~% 

where il'^ = Qip^qft^'^ is the complex of global sections of the sheaves of (p, q)-forms on X, h and U 
are formal independent variables, with U of degree two. Our choice of notation wants to be suggestive 
of Pnii in view of the analogies illustrated in the last section of this paper. On C' we consider the 
total differential 5c — + d^, where d'^ = hd, with d ^ d + d the usual de Rham differential and 
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d'^ = \/—l{d — d). The hypercohomology IE1I (C', 5c) is then simply given by the infinite dimensional 
vector space H-{X;C) (g> C[U,U-^] (g) C[h,h-^]. 

We also consider the positive definite inner product 

(2.2) {a'^W h'', 77 (8) (g) h^) := (a, 77) Sr^sSk^t, 
where {a^rj) denotes the Hodge inner product on forms 17^, given by 

(2.3) (a, 7?) := / a^*C{f^), 

JX 

with C{r]) = (V— 1 Y^'^, for 77 G ^ ^'^'^ ^a,,b the Kronecker delta. 

We then introduce certain cutoffs on C' , which will allow us to recover the complex at arithmetic 
infinity of [H] from C' . 

To fix notation, for fixed p,q (z Z>o with jn = p + q, let 

(2.4) A(g, r) max {0, 2r + m,r + q}, 

where 2r + m is the total degree of the complex. Let Ap^q C be the set of lattice points satisfying 

(2.5) Ag = {(r,fc)eZ2: fc>A(<z,r)}, 
for X{q, r) as in H2.4|) . 

For fixed (p, q) with m = p + q, let C™^'^'' C C' be the complex linear subspace given by the span of 
the elements of the form 

(2.6) a (g) U"^ (g) n'' , 

where a G fi^'' and (r, fc) G Ag. We regard as a 2Z-graded complex vector space. 

Let £■ be the direct sum of all the , for varying (p, q) . We regard it as a Z-graded complex vector 
space with total degree 2r + 777,. 

In the cutoff H2.4|l . while the integer 2r + 771 is just the total degree in fl'^ ^ C[?7, U^^], the constraint 
k > r + q can be explained in terms of the Hodge filtration. 

Let 7' — F' O F' , where F' and F' are the Hodge filtrations 

(2.7) F^n^:^ il^x'^, 

p'-\-q=m. 
p'>p 

(2.8) n^/. 

p-\-q" —m 

q">q 



The condition defining can be rephrased in the following way. 

Lemma 2.1. The complex has an equivalent description as — ®i=m_|_2r ' 

(2.9) e-m,2r^ [F'"'+''-^n"^)g)U'' g)h''. 



p+q—m 
/c>inax{0,2r+m} 



with the filtration F' as in (|2.7|) . 



Proof. This follows immediately by 



(2.10) = 



p-\-q—m 
k'>r-\-q 



□ 
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Let c denote the complex conjugation operator acting on complex differential forms. We set T' := 
j-Q.. ■jc=id_ This is the real complex 

Here ^ is the M- vector space of real differential forms of degree m, spanned by forms a = ^ + ^, 
with ^ e f2^* and such that p + q = m, namely 

(2.11) n^,^^ in^Z + n'^/). 

p+q—rn 

We have then the following equivalent description of T' . 

Lemma 2.2. The complex T' — (C )'^^''* has the equivalent description T* — ®i=m+2r with 

(2.12) ^-mar ^ (7"'+''^-'= f]^) (g) [/'■ (g) /l^ 



p+g— m 
/c>max{0,2r+m} 



wit/i t/ie filtration j ^ F' D F' 
Proof. We have 
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p+g—m 
k>r+p 



hence one obtains 



k> 



p+q—m 

|p-g|+2r + ,i 



where {\p — q\ + 2r + m) /2 = r + max{p, q}. 



□ 



Notice that the inner product l|2.8|l is real valued on real forms, hence it induces an inner product on 
T. 

Lemma [2.21 suggests the following convenient description of T' , which we shall use in the following. 
For fixed (p, q) with m = p + q, let 

\p — q\ + 2r + m 



(2.13) k{p, q,r) :— max <^0,2r + m, ^ 
Then let Ap.^ C be the set 

(2.14) Ap,, - {(r, k)£Z^ : k> nip, q, r)}, 
with k(p, q, r) as in H2.13|l . 

Proposition 2.3. The elements of the Z-graded real vector space T' are linear combinations of ele- 
ments of the form 

(2.15) a®U''®h'', 

with a G (f^^^ + ^'x')' ~ + some {p, q) with p + q = m, and (r, k) in the corresponding Ap q. 
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Proof. By Lemma l^m we have seen that the cutoff A(<;, r) of 1)2.4(1 corresponds to the Hodge fihration 
F' , while Lemma [2.21 shows that, when we impose c = id we can describe in terms of the 

7 -filtration as in (|2.12|) . For fixed {p, q) with p + q = m, this corresponds to the fact that 

(2.16) rp™'2'- (e:^,2r ^ (r™^'-)c=»d 

is the real vector space generated by elements of the form (|2.15|l . where a = ^ + ^ G i^x"^ + ^'x') is 
a real form and the indices (r, fc) satisfy the conditions fc > 0, fc > 2r + m and k > r + max{p, g}. 
Equivalently, (r, fc) S Ap_g. Notice that, since K(p,q,r) — K{q,p,r), we have Ap^q — Aq^p. In fact Ap^q 
depends on (p, q) only through \p — q\ and m = p + q. 

□ 

Figure n describes, for fixed values of m and \p — q\, the effect of the cutoff (|2.13|l on the varying 
indices (r, k). Namely, for fixed (p, q) with p + q = m, the region Ap^, C 1? defined in (|2.14l) is the 
shaded region in Figure The graph of the function k = K{p,q,r) of H2.13|l is the boundary of the 
shaded region in the Figure. 

By construction, the real vector space T^^^^ is the linear span of the H2.15|l with (r, /c) g Ap^q and T' 
is the direct sum of all the T^q* , for varying (p, q), viewed as a Z-graded real vector space with total 
degree 2r + m. Namely, we can think of a single 7^™'* as a "slice" of T' for fixed (p, g), namely, for 
each (p, q) there is a corresponding Figure ^ and T' is obtained when considering the union of all of 
them. 

The differentials and d'^ induce corresponding differentials d' and d" on T' , where d' ^ d'^ = hd 
and d" = P^d'^, with the orthogonal projection of (C )'^^"^ onto T' . Notice that, since d' and d" 
change the values of (p, g), the differentials move from one "slice" '?^™'* C T' to another. 

2.1. Operators. In the formulation introduced above, we then obtain the very simple description of 
the operators N and <f> of [H| as 

d 

(2.17) N = Uh $ = -[/—. 

oU 
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In P) these represent, respectively, a logarithm of the local monodromy and a logarithm of Frobenius 
at arithmetic infinity. We consider the Hilbert space completion of T' in the inner product induced by 
(12. 2|) . With a slight abuse of notation, we still denote this Hilbert space by T' . The linear operator N 
satisfies N*N = Pi and NN* = P2, where Pi and P2 denote, respectively, the orthogonal projections 
onto the closed subspaces Ker(A^)-'- and Coker(iV)-'- of T' . The operator N also has the property 
that [N, d'] — [N, d"] — 0. The operator $ is an unbounded, self adjoint operator with spectrum 
Spec($) = Z. It also satisfies d'] = d"] = 0. 

Notice that, unlike the differentials d' and d" that move between different slices 7^™'* of T' , the 
monodromy map N does not change the values {p, q) . 

This means that, in addition to the result of Corollary 4.4 of on the "globar properties of injectivity 
and surjectivity of the map N : T' ^ T "*"^, we can also give an analogous "locar result describing 
the properties of the map N : 7^™'* — > 7^™'*+^, restricted to an action on a fixed "slice" {i.e. for fixed 
p and q). In this case, we obtain the following result. 

Proposition 2.4. The endomorphism N : Tp^q'^^ — > 7^™'^^'^^^'' has the following properties: 

(1) N is surjective iff r is in the range r > — max{p, q} 

(2) N is infective iff r is in the range r < — min{p, g}. 

Proof. (1) For fixed {p, q) with p + q = rn, let Ap., C denote the shaded region in Figure ^ as in 
(|2.14l) . Let Zp g C 7? denote the set of lattice points Zp q = {(r, k) E 7? : r > — max{p, q}}. 

The point (— max{p, q}, 0) £ Ap^g is the intersection point of the lines fc = and 2r—2k+m+\p—q\ — 
in the boundary of Ap.q. Thus, one sees that the only points in (r, fc) S Ap^q such that (r— 1, fc— 1) ^ Ap^q 
are those of the form (r, 0) with r < — max{p, q}. This shows that every point (r, fc) G Ap^q D Zp^q has 
the property that (r — l,fc — 1) G Ap^g, hence N is surjective in the range r > — max{p,q}. It also 
shows that, for every r < — max{p, q}, the point (r, 0) in Ap., is such that (r — 1, — 1) ^ Ap.,, so that 
N cannot be surjective in the range r < — max{p, q}. 

(2) The case of injectivity is proved similarly. Let 

Wp^q = {(r, fc) e : r < - min{p, q}}. 

Notice that the only points (r, fc) e Ap,q such that (r + l,fc + 1) ^ Ap^q are those on the boundary 
line fc = 2r + rn. The point (— min{p, q}, \p — q\) is the intersection point of the lines fc = 2r + m and 
2r — 2k + m + \p — q\ =0 in the boundary of Ap^,. Thus, we see that every point (r, fc) e Ap^g n Wp^q 
is such that (r + 1, fc + 1) G Ap ^, and conversely, for all r > — min{p, q} there exists a point (r, fc = 
2r + to) e Ap^g such that (r + 1, fc+ 1) ^ Ap^g, hence N is injective in the range r < — min{p, q}, while 
it cannot be injective for r > — min{p, q}. 

□ 



The complex (T', S) has another important structure, given by the Lefschetz operator, which, together 
with the polarization and the monodromy, endows (T' , i5) with the structure of a polarized Hodge- 
Lefschetz module, in the sense of Deligne and Saito {of. [H], ^Hl, ^M)- The Lefschetz endomorphism 
L is given by 

(2.18) L^{-Auj)U-^ 

where oj is the canonical real closed (l,l)-form determined by the Kahler structure. The Lefschetz 
operator satisfies [L, d'] = [L, d"] — 0. 

Notice that, unlike the monodromy operator N that preserves the "slices" 7^™'*, the Lefschetz moves 
between different slices, namely 

TT . rj-m,* q-rn+2,* — l 
■ P,1 ■'p+l,q+l ■ 
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(-max(p,q},0) 



Figure 2. The duahty S 

2.2. Dualities. There are two important duality maps on the complex T' . The first is defined on 
forms by 

(2.19) S ■.a(g>U'' (g> ^2-+™+^ ^ ^ ^ JJ~{r+m) ^ ^l^ 

for a e and it induces, at the level of cohomology, the duality map of Proposition 4.8 of 0. 
The map S induces, in particular, the duality between kernel and cokernel of the monodromy map 
in cohomology, described in 9' and JTU] in terms of powers of the monodromy (c/. Proposition 12.51 
below). 

The other duality is given by the map 

(2.20) S -.a^V ^ C{*a) ® [/'■-("-™) ^ ft^ 

Proposition 2.5. Let S and S he the maps defined in (I2.19|) and (I2.20|) . 

(1) The map S : T' ^ T' is an involution, namely = 1. It gives a collection of linear 
isomorphisms 

S = iV-(2'-+™) : span{a (gV ® n2r+m+£| _^ span{a ® [/-('■+™) ® h'^}, 

realized by powers A'^^(2r+m) monodromy. 

(2) The map S : T' T' is an involution, — 1. The map induced by S on the primitive part 
of the cohomology, with respect to the Lefschetz decomposition, agrees (up to a non-zero real 
constant) with the power L"~™ of the Lefschetz operator. 

Proof. (1) The result for S follows directly from the definition, in fact, we have 

= a(g) [7''+™-"' (g) ^«+2(r+m)-™ =a(g)U''(g) ft2'-+m+^_ 

This means that the duality 5* preserve the "slices" 7^™'* and on them it can be identified with the 
symmetry of T obtained by reflection of the shaded area of Figure along the line illustrated in 
Figure|2| The elements of the form a® {7~™/2 ^ h^P~i^ , for a e fix are fixed by the involution S since 

S{a g) ® h^P-il) =ag) t/"?"" g) ^1^-91 + ^-" ^ag) C/-™/^ ^ /jb-d. 
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We prove (2). The map S preserves T' , since the cutoffs described by the conditions fc > 0, 2r + to — 
2k + \p — q\ < and k > 2r + m are preserved by mapping r i-^ r — {n — m), k ^ k, m ^ 2n — m, 
(p, q) I— !■ {n — q,n — p). We have = 1, since 

= *^ a (g) [/'"-("-™)-("-(2"-™)) ^jfc 

where we used = (_i)r«(2n~m) ^ 

Let P'"(X) be the primitive part of the cohomology H™'{X, C), with respect to the Lefschetz decom- 
position (c/. EHI §V.6). Let J be the operator induced on PP^i{X) by C(7/) = {^^)p-U]. On the 
primitive cohomology one has the identification (up to muhiphcation by a non-zero real constant) 

(2.21) L"-™ Jry = *r/. 

In particular, H2.21|l implies that the map S agrees (up to a normalization factor) with L"^"', on the 
primitive cohomology. 

□ 

Thus, we can think of the two dualities S and S as related, respectively, to the action of TV^r+jn 
L"~'", i.e. of powers of the monodromy and Lefschetz. 

2.3. Representations. The nilpotent endomorphisms L and N of T' introduced above define two 
representations of SL(2,]R) on T' as follows. With the notation 

(2.22) X(A):- Q ^'^i ) AeM*, z.(.) J ^ ) . e R, w := ^ 
we define and by 

(2.23) cT^ixW) = A-"+'", a^(u(s)) = exp(sL), a^{w) = (V^)"C5. 



(2.24) CT-"(x(A)) = A2'-+"\ (T-"(u(s)) = exp(siV), a^{w) ^ C S. 

Here C is the operator on forms C(r]) = (V— 1 Y~'^ for 77 £ f^x'^, and S* and 5 the dualities on T', as 
in Proposition 12. 51 The results of ^S], |5] and JOI yield the following. 

Proposition 2.6. The operators H2.23|l and H2.24|l on T' define a representation a = {a^,a^) : 
SL(2, M) X SL(2, R) Aut(T ). In the representation , the group SL(2,R) acts by bounded operators 
on the completion ofT' in the inner product (|2.2|l . Both SL(2,R) actions commute with the Laplacian 
□ = SS* +S*S, hence they define induced representations on the cohomology H'(T',(5). 



Proof. For completeness, we give here a simple proof of the proposition. In order to show that we 
have representations of SL(2,R) it is sufficient (^Hl §XI.2) to check that (|2.23(l and (|2.24(l satisfy the 
relations 

(2 25) "^"^'^ "^^^"'^^ 

a(x(A))a(z.(s))a(x(A-i))= a{u{.sX^)) 

We show it first for <t^ . We show that we have cr^(?i;) = (—1)™, as in JHI- This follows directly 
from the fact that 5^ = 1, since a^{w)^ = CS CS ^ (V^)^*^""*^ = (-l)""- Thus, we have a^{w)'^ = 
(— 1)™ = A^''"''™|a=-i and the first relation of (|2.25l) is satisfied. To check the second relation notice 
that, on an element a ® U"^ ® h'^ with a € Sl^ we have 

C7^(X(A)) ct"{u{s)) a«(x(A-i)) a^V'^h'' ^ 
a^'(x(A)) (^1 -f sTV y + ^-(2r+m) a ® V ® = 
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hence the second relation is satisfied. 

We show that also satisfies the relations (|2.25|) . Again, we first show that a^{w) — (—1)"+™, as 
in We have 

hence 

where, in the left-hand side, we used *^ = (—1)™. 

Thus, we have a^{w)'^ = (—1)"+™ = A™^"|a=-i. Moreover, we have 

(T^(x(A)) + sL + y + . . . j A"-'" a®U'-®h'' = 

+ A-"+™+=^sLA"-'" + _x-»+™+4^l2A"-'" + • • • ^ a (g) C/'^ (g) = exp(sA2 L) a g) C/'' g) 
hence the second relation is also satisfied. 

The fact thatCT^(x(A)) is a bounded operator in the inner product induced by H2.2|) . while for A 7^ ±1 
the operators cr^(x(A)) are unbounded is clear from the fact that the index 2r + m ranges over all of 
Z, while —n < m — n < n. For the fact that [□, cr^] = [□, a^] = we refer to 

□ 



2.4. Ring of differential operators. Let V denote the algebra of differential operators on a 1- 
dimensional complex torus Tc, generated by the operators Q — and P — ^ satisfying the commu- 
tation relation 

(2.26) PQ-QP = Q. 

Let TZ be the ring of functions defining the coefficients of the differential operators in V. This is a 
subring of the ring of functions on C*. For U = C[Q] we obtain V = C[P, Q]I{PQ - QP = Q). 

Since the operators N and <& satisfy the commutation relation [<&, N] = —N and the operators L 
and $ satisfy the commutation relation [<i>,L] = L, the pairs of operators {N, — $) and (L, $) define 
actions and tt^ of T) on the complex £' and on its cohomology, by setting 

7r^(p) = $ 7r^(Q)=L 

(2.27) 



There is an induced action of the ring T) — R[P, Q]/(PQ ^ QP — Q) on the complex T' and on its 
cohomology. 
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2.5. Weil— Deligne group at arithmetic infinity. On T consider the "Frobenius flow" 

(2.28) Ft = e**, yt e M, 
generated by the operator <I>. We write F — Fi. This satisfies 

(2.29) F N F^'^ = e"^ N. 

Thus, the operators F and N can be thought of as defining an analog at arithmetic infinity of the 
Weil-Deligne group Ga x Wk, which acts on the finite dimensional vector space associated to the etale 
cohomology of the geometric generic fiber of a local geometric degeneration for K a non-archimedean 
local field. In fact, in that case, the action of the Frobenius (p G Wk on Ga is given by 

(2.30) ipxip^'^ = q^'^ X, 

where q is the cardinality of the residue field. The formal replacement of q by e and of ip hy F 
determines (|2.29|l from (|2.30|l . In the archimedean case, this "Weil-Deligne group" acts directly at 
the level of the complex, not just on the cohomology. 

3. Archimedean cohomology 

We now describe the relation between the complex {T',5 = d' + d") defined in the first section and 
the cohomology theory at arithmetic infinity developed in P| . 

On a smooth projective algebraic variety X of dimension n over C or M, the complex of Tate-twisted 
real differential forms introduced in (4.1) of [H] is defined as 

[ {n^^" © )k ®m K (^^^|— ^) if J + n - i = 0(2), k > max(0, z) 

(3.1) K''^^'' = I P+q=3+n ^ ^ 

I |p-9l<2fc-i 

[O otherwise, 

for i, j, k £ Z. Here R(r) denotes the real Hodge structure R(r) {27r^/^y'R, and the differentials 
d' and d" are given by 

(3.2) d' : X*'J'^*= -> i^'+iJ+i.fc+i, d'{a) = d{a) 



(3.3) d" : K''^^'' K'+^J+hk^ ^"(^) = V^{d - d)ia) (projected onto if^+iJ+i.^). 
The inner product on M.'{K' , d' + d") is defined in terms of the bilinear form 

(3.4) Q(a,77) = / L"-™aA Jt?, 

for ?7, a in the primitive part P™{X) of the de Rham cohomology i7'"(X, R) with respect to the 
Lefschetz decomposition. 

The relation between the complex T' and the total complex K of H3.1|) is described by the following 
result, which shows that the complex T' is identified with K after applying the simple change of 
variables 

n + j — i 

(3.5) i = m + 2r, r = , j = — n + to 

to the indices of T', taking fixed points under complex conjugation (c = id) and replacing the variable 
[/ by a Tate twist. 

Proposition 3.1. Upon identifying the formal variable U^^ with the Tate twist given by multiplication 
by 2tt\/~1, we obtain an isomorphism of complexes 

(3.6) (ri^=(2^y^)-i,<5)-(i^-,d' + d"), 

given by a reparameterization of the indices. Up to a normalization factor, the inner product induced by 
l|2.2|l on the cohomology M.' {T'\jj^(2'k^/~^)-^t^) o-Qf^^s with the one defined by (|3.4|l onW{K' ,d' + d"). 
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Proof. We define a homomorphism 

I -.T ^ K- 

as follows. For fixed p, q with p + q ~ m, consider the region Ap,q C as in 12.14(1 . with k{p, q, r) 
as in (|2.13|) . For every a G (f^^^ i^x^)R a real form, q = ^ + ^, with ^ e ^x'' ^^"-^ '^'-"^ every point 
(r, /c) e Ap^q, we have 

and, by Proposition 12.31 every element of T' is a linear combination of elements of this form, for 

varying (p, (?) and corresponding (r, /c) G Ap^,. 

We now define the map / in the following way. To an element 

(3.7) {i + O^u-"' ®h^, 

with ^ G i^x''' with p + q — m, and with k > k(j>, q, r), we assign an element I{ri) e i^T*'-'''^, with the 
same index k and with 

(3.8) i = m + 2r, and j = —n + m, 
by setting 

(3.9) /(r;) = (2^^/^)-'■(e + 0. 

In fact, for (i, j) as in H3.8(l . the index r e Z can be written in the form 

r — ^ , where n + j — i = mod 2. 

Thus, the element H3.9|) can be written as 

(3.10) (27rV^)^(e + 0. 

By the definition 1)3. l|l . to check that this is an element in K'^^i'^ ^ it is sufficient to verify that p + q = 
i + 71, and that the conditions \p — q\ <2k — i and /c > max{0, i\ are satisfied. Since j — —n + m and 
p + q — m we have p + q = j + n. The index A: is the same as in (|3.7|l . hence it satisfies k > k{p, q, r). 
This means that A: > and that k > 2r + m = i, so that k > max{0, i} satisfied. Since k > k(p, q, r) 
also implies k > (\p — q\+2r + m)/2, which, by i = 2r + m is the condition |p — f?] < 2k — i. It is clear 
that the map / defined this way is injective. 

Thus, we have shown that, for every real form a £ {Q'^'^(B^x^)m and for every lattice point (r, k) e Ap.g 
we have a unique corresponding element in the complex K'^'i-^ . 

The map / is also surjective, hence a linear isomorphism. In fact, every element in K is a linear 
combination of elements of the form (|3.10l) in K^'i'^^ for ^ £ ^x''' indices k) £ 1? satisfying 
n + J — i = mod 2, p + g = j + n. A: > max{z, 0} and |p — 9| <2k — i. It is sufficient to show that, 
for any such element, there exists a point (r, k) g Ap ^ such that 

/((C + i)®U''® h^) = (2^7^) (C + e K'''''"- 

This is achieved by taking the point 

(3.11) [r = ^ ,k 

Since n + j — i — mod 2 this point is in Z-^, and since under the change of variables 1(3. 8|l the 
conditions k > max{i, 0} and |p — (/I < 2k — i are equivalent to the condition k > k(p, q, r) of ((2.13(1 . 
the point ((3.11() is in Ap^,. 

The map / is compatible with the differentials, namely 

I{6r^) = (d' + d")/(77), 

where on the left hand side 6 ^ d'^ + P^d'(j is the differential on T' and on the right hand side d' + d" 
is as in ((3.2(1 ((3.3(1 . To see this, first notice that the differential d' of ((3.2(1 satisfies 

^' _ Id'fjl^^ = Ihdl^^ • J^^^+"^'~'"-+"^-^ > j^2r+{m+l),—n+{m+l),k+l 
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The analogous statement d" — IP^d'^I^^ for the differential d" of (|3.3|l also involves the fact that 
the orthogonal projection onto i^^+iJ+i-*-' in ^^.[\\ . induced by the inner product H3.4|l agrees with the 
corresponding orthogonal projection in T' induced by the inner product (|2.2|l . 

The identification H2.21|l implies that the inner product ^AA\ on W {K' , d! + d") considered in [H] and 
the inner product induced by H2.2|l agree up to a normalization factor. 

□ 

In particular, the 'weight type' condition \a — h\ < 2k — i on the real forms in Ij^.H describes, as in 12.7|l 
(|2.8|) . the filtration 7' :— F' D F' on the complex of real differential forms on X. It follows that the 
complex K^'^''^ has a real analytic type, even when X defined over C does not have a real structure. 

To the abelian group K^^^'^ we assign the weight: — n — j + i S Z. Keeping in mind that R( ""'"^~^ ) is 
the real Hodge structure of rank one and pure bi-degree (— ^ — ""'"^~^ ), we obtain the following 
description in terms of the filtration 7': 

(3.12) K'^^'"" = 7^-'=r!;^+^' ®R R( "+^'~' ) = -i^-'^Vl''^' ®K 7-'^M. 

When considering the tensor product of the two structures one sees that the index of the 7-filtration 
on the product {i.e. on K^'^''') is z — fc. 

3.1. Deligne cohomology. By Proposition 13. II the complex T' is related to the real Deligne coho- 
mology iJp {X, R(r)). These groups can be computed via the Deligne complex (C^(r), rf-p) (c/. 0, El). 
The relation of {C^{r), dv) to the complex {T',5) is given by the following result of [H] (Prop. 4.1), 
which, for convenience, we reformulate here in our notation. 

Proposition 3.2. For N acting on {T',5), consider the complex {Cone{N)',D) with differential 
D{a,P)^{S{a),N{P)-5{f3)). 

(1) For 2r + m > 0, the map A'^^(^'"+™) gives an isomorphism between the cohomology group 
in IHI(Ker(A'^)), which lies over the point of coordinates (2r, 2r + m) in Figure^ and the 
cohomology group in H' (Coker(A^) ) that lies over the point of coordinates (— 2(r + m),0) in 
Figure 

(2) In the range 2r+m < —1, the cohomology M' {Cone{N)' , D) is identified with IHI +^(Coker(iV), S). 

(3) Upon identifying the variable with the Tate twist by 2tt\/—1, and for a for fixed r G Z<o, 
we obtain quasi isomorphic complexes 

(3.13) {Cone{Ny,D)\u,-=^,^^,y. ^ (C;(-r),dx>) 



3.2. Local factors. The "archimedean factor" {i.e. the local factor at arithmetic infinity) Lf^{H"\ s) 
is a product of powers of shifted Gamma functions, with exponents and arguments that depend on 
the Hodge structure on iJ™ = i/"(X, C) = ©p+g^^ifP^"?. More precisely, it is given by {cf 

(Upg'i^c{s-mm{p,q)r-' ^ = C 

(3.14) L^{H"^,s)^l 

[Up<, rc(5 - pr^' Up rM(. - pr'r^{s -p + 1)''^" ^ - R, 

where the /i^''?, with p+q = m, are the Hodge numbers, h^'^ is the dimension of the ±(— l)^-eigenspace 
of de Rham conjugation on H^'P, and 

rc(s) (2^)-^r(s) Tm{s) := 2-'/\-'/^T{s/2). 

It is shown in |2] that the local factor (|3.14() can be computed as a Ray-Singer determinant 

(3.15) L,{H"^,s)^det(^{s-nHs^^f^x)) , 
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where the "archimedean cohomology" is an infinite-dimensional real vector space, and the 

zeta regularized determinant of an unbounded self adjoint operator T is defined as 

det(s - T) = exp(--^CT(s, z)\z=o). 
In 1^ (c/. §5) the archimedean cohomology is identified with the "inertia invariants" 

(3.16) H-^,{X)^m{K-,d' + d")^='^, 

where M{K\d' + d") is the hypercohomology of the complex 13. 1|) and M:{K' ,d' + d")^^^ is the 
kernel of the map induced in hypercohomology by the monodromy N . This follows the expectation 
that the fiber over arithmetic infinity has semi-stable reduction. 

At arithmetic infinity, the alternating product of the local factors of X can be described in terms 
of the operators cr^(u')^ and $ (c/. [TO] par. 3.4). Let $0 denote the restriction of the operator <i> 
to W [K')^^^ . For a a bounded operator on M' {K')^^^ , let Ca,$o(*'^) denote the two variable zeta 
function 

(3.17) Ca,*o(s,^)= Tr(a^;,)(s-A)-^ 

AeSpcc($o) 

where 11^ are the spectral projections of $0- Let detoo,a,*o denote the zeta regularized determinant 

(3.18) det (s) = exp ( --^Ca,*o(S'^)U=o 

oo,a,*o \ az 

Proposition 3.3. The two variable zeta function (^g.i(^)2 ^^(s, z) satisfies 



(3.19) det ( — ) = TT ^c(i?'",s)(-i^ 

oo.<Ti(«,)2,$o/(27r) \2ttJ ^\ 



Proof. The operator ^0 has spectrum 

Spec($o) = {^e.p.q = niin{p, q} - £ : £ e Z>o}, 

with eigenspaces Ee^p,q — HP-'^{X) (g) U"^ with r ~ £ ~ min{p, q} and m ~ p + q. In fact, for 

M'{K)^^'^ we have 2r + m ~ k, and k > \p — q\ so that r > — min{p, q}. The result then follows as 
in [ini §3.3. 

□ 



4. Archimedean cohomology and nearby cycles 

The definition of the complex (|3.1|) was inspired by an analogy with the resolution of the complex of 
nearby cycles associated to an analytic degeneration with normal crossings over a disk, cf. |28| . In 
this section we recall this classical construction and we relate it to its archimedean counterpart by 
making the analogy more explicit. 

4.1. The complex of nearby cycles. Let X and A be complex analytic manifolds, of complex 
dimensions dimX — n + I and dim A = 1, and let / : X A be a flat, proper morphism with 
projective fibers. For G A, we write Y = f"-^{0), X* = X \ F, and A* = A \ {0}. We assume 
that the map / is smooth on X* and that y is a divisor with normal crossings on X. Under these 
hypotheses, the relative de Rham complex of sheaves of differential forms with logarithmic poles along 
Y is well defined and of the form 

^x/Ai^ogY) :=A"l)i/^(logy), 
where we use the inclusion /*f2^(logO) C il^(logy) to define 

n\^^{\ogY) := n^^{\ogY)/f*ni{\ogO). 
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Consider local coordinates {zq, . . . Zn} at P E Y, with t the local coordinate at € A, so that 
t o f = Zq° ■ ■ ■ z'f.'' for some < fc < n and G N. The stalk 17^y^(logy)p is the O^^p-module 

with generators {cLzq/ zq, . . . , dzk/zk, dzk+i, ■ ■ ■ dzn} satisfying the relation J2i=o ^idzi/zi = 0. Thus, 
n^y^(logF) is a locally free sheaf of rank n ~ dimX — 1 endowed with differential d given by the 
composite 

d:Ox^n\^ f^^(iogr) ^ 17 J,/^ (logy), 

where n^(logy) is the free sheaf of C'_^-modules on the same generators of r2^^^(logy). 
The relative hypercohomology sheaves IR™/*f7^/^(logF) are locally free OA-modules of finite rank 
(c/. [2H1)- This follows from the fact that the restriction f : X* ^ A* , which is a smooth fiber bundle, 
determines, for all s € A*, a canonical isomorphism of complexes 

on Xs — f^^{s). This implies that ilj^^^{\ogY) (E)Ox is a resolution of the constant sheaf C on 
Xs, hence 

H"(X„f)^/^(logr) Ox J ^ H"'{X,,C), Vs e A*, 
hence the complex dimension of H™(Xs, ri^^^(log F) <E)Ox ^Xa) ^ locally constant function. One 
obtains 

(4.1) R"'Un-^/^{\ogY)<g>o^,k{s)~H'^{Xs,C), VseA*, 

so that R™/*17j^^^(log y) is a locally free OA'-module of finite rank. Moreover, if A is a small disk, 
there exists an isomorphism 

(4.2) i7"(r,C) ^ H"(r,l]3e/^(logr) Oy) 

where X* — X xa A* and A* A* is the universal covering space of A* = A \ {0}, so that 

dim]HI™(Xs, 51^^^(logF) iS)Ox CjeJ is locally constant on A. 

A stronger result (c/. [211 j §9) shows that the Gauss-Manin connection 

(4.3) V : M™/,17^/^(logy) ^ r!X(logO) R™/*l]^-/^(logy) 

has logarithmic singularities at € A and in case of an algebraic morphism / admits an algebraic 
description. In particular the residue of V at zero is a well defined operator 

(4.4) N := Reso(V) 

in fact it is an endomorphism of _ff™(X*, C). The eigenvalues of Reso(V) are rational numbers a with 
< a < 1. The nionodromy transformation T induces an automorphism Tq of H4.1|) and it can be 
shown that 

(4.5) To = exp(-27r\/^ Reso(V)). 

It follows that the eigenvalues of Tq are roots of unity, so that a power Tq is unipotent. In fact, up 
to a base change A — > A, z i-^ z"^, one can assume that Tq is already unipotent, this means that the 
residue (|4.4|l is nilpotent. 

There are two important filtrations on the cohomology iJ™ (X* , C) . One is the Hodge filtration 
FPH"^{X*,C) determined by the isomorphism (|4.2|l and the 'naive filtration' on ^'^^^{\ogY)i^Ox Oy- 
The other is the Picard-Lefschetz filtration LiH"''{X* , C), £ E Z, which is a canonical, finite, increasing 
filtration associated to the map N and defined by induction. The properties and behavior of this 
filtration are a priori rather mysterious as its definition is given via an "indirect method" . The 
main result in shows that the data {H' {X* ,C), L., F') determine a mixed Q- Hodge structure on 
H-{X*,Q). 

This result is obtained by studying "explicitly" the Picard-Lefschetz filtration L. on a resolution of 
the complex of sheaves ft'^^^{\ogY) Cyr<=d of the form 

(4.6) A'''' ■.= n'+''+\\ogY)/Wkn'+''+\\ogY), s,fceZ>o, 
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where the weight filtration W. on fl'^ (log Y) is defined as 

VKfel7J(logy) := f^l(iogy) A 

and the differentials 

(4.7) d' : A'^'' A''+^''', d!' : A"''' A'^'' 
on H4.6|l are the usual differential d' on fl'^ (log Y) and 

(4.8) d'\a) = {-iya/\e, for ^ = f* [j- 
Notice that 9 can be seen as an element of 

(4.9) i7^(X*,(Q)(l) = 2Tr\/^i?i(X*,(Q), 
because the form dt/t on A* has period 27r-\/— 1, so that 

(4.10) {2T:^/^y^dt/t G H\A*,Z) C H\A*,Q). 
Wedging with 9 provides an injective map 

A9 : r!™/^(logr) n'^+\\ogY) 

and an induced morphism of complexes of sheaves (j) : il.'^^^{\ogY) ^o^. Oyiod A', which defines 
a resolution of the unipotent factor of the complex of nearby cycles, with {A , S = d' + d") the total 
complex of 1)4. 6|l . The endomorphism i''^''' : A'^''' yj^s-i,fc+i given by the natural projection on forms 
is non-trivial because of the presence of the cutoff by the weight filtration Wk on fl^ (log Y) and it 
plays a central role in this theory as it describes the local monodromy map on the resolution A' . 
It can be shown (see '18') that the map induced in hypercohomology by 

(4.11) i> = (-l)'*;^''''^ : A'^'' A'-^'''+^, 
satisfying i/6 + 5i) = 0, is the residue (|4.4|) of the Gauss-Manin connection, 

N : iJ™(X*,C) ^ H"\X*,C). 

More precisely, N is obtained as the connecting homomorphism in the long exact sequence of hyper- 
cohomology associated to the exact sequence of complexes of sheaves on Y 

0^ A [-1] A Cone' ^ A ^ 0. 

The complex (Cone' (i^), £*), D — {5 + iy,S) is quasi-isomorphic to il'^{\ogY) (E)Ox Oyr^d. The map 
i/ measures the difference between differentiation in Cone (£') and in A which appears when one 
considers the section of ry: A*''' Cone'*'''(i>) = A"^^''' ® A'*'''. 

4.2. Nearby cycles at arithmetic infinity. The main idea that motivates the definition of the 
complex (|3.1|) is to "transfer" these results to the archimedean setting, where one deals with a smooth, 
projective algebraic variety X over C or R, interpreted as the generic fiber of a degeneration "around" 
infinity. The main aspects of the above construction that one wishes to retain are the fact that the 
cutoff by Wk on ^l^{\ogY) is introduced because the complex of the nearby cycles is the restriction 
to Y of the complex f7Jy^(logF). It is the presence of this cutoff that makes the morphism i/ 
non-trivial on A*''^. Moreover, another essential observation is that translates of the weight filtration 

(4.12) LeA''' = W2k+e+in'x^''+\\ogY)/Wkn'+''+\\ogY); £ G Z 
and the corresponding graded spaces 

' grVk+e+i^^^'^H^ogY) £ + k>0 

^0 e+k<o 

describe the strata of the special fiber Y, through the Poincare residue map 
(4.14) Res : W^fcl]?(logr) ^ (afe)*l^^-f , 



s.k 



(4.13) gr^A'''" = 
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where 

f w [] r,, n . . . n 

l<ii<...<ifc<A/ 



2fc 



is the fc-th stratum of y = Yi U . . . U Ym and (a^)* : Y^''^ — > X is the canonical projection. The 
Poincare residue 14.14() is given by 

(4.15) Res| co,,...,,^A...A^]= ^ resK...,J, 



^i<ii<...<ifc<i<- / i<ii<...<i/,<-ftr 

where zi ■ ■ ■ zx = is the local description of (the closed subset F of X with its reduced scheme 



structure), is a section of fl^ ^ , and res : Vl"^ ~* (ofe)*^^^?(fcf is the restriction to the stratum 



This means that it is sufficient to provide a version at arithmetic infinity of the weight filtration W. and 
the Picard-Lefschetz filtration L. , as these are sufhcient to characterize the geometry of the singular 
fiber Y = /~^(0), which is strictly related to the behavior of the monodromy map. 

Notice that the period 2^^^/^ of the form dt/t on A* (c/. (|4.8|) . H4.9|) . H4.10|l ') corresponds to a 
Tate twist on the (rational) cohomology of the generic fiber X*. It is important to stress the fact 
that this 'detects' the presence of the singular fiber through an operation that does not involve Y 
explicitly, and therefore can be transported at arithmetic infinity (where the description of the fiber 
'over infinity' is still mysterious) on a complex of real differential forms. Moreover, the fact that the 
cutoff by Wk on ^l^{\ogY) implies the non-triviality of the monodromy map v"''^ suggests a definition 
of the monodromy operator N "at infinity" in terms of an analogous weight filtration on a complex 
of Tate-twisted real differential forms. 

By weight of a real m-form 

«e (f7^/ + f^|> 

p-\-q—rn 

on X we mean the non-negative integer |p — g|. At arithmetic infinity, the operations of taking the 
residues and hence considering holomorphic differential forms on the strata of Y can be rephrased in 
a form suitable to be included in the definition of the complex K' of 

In fact, one should interpret the archimedean complex H3.1() as a "filtered copy" of A'^''^, with an 
additional condition characterizing the graded pieces gr^A. In fact, in the case of the complex of the 
nearby cycles, there is a graded isomorphism 

(4.16) gr^A ^ (a2fc+£+i)*f^^<L+.+i,M-2fc-l] 

fe>max(0,-<?) 

under the condition £ + k > 0. Furthermore, in grfA the second differential is trivial, d" = 0. The 
induced weights spectral sequence 

(4.17) El'""-' ^ i7"+*-2fe(f(2fc-'+i)^Q)(j_fc)^^™(X*^Q) 

/c>max(0,i) 

degenerates at the E2 term. The eY^~^ term is a pure Hodge structure of weight m—i. A major result 
in the theory shows that the filtration induced on the abutment coincides with the Picard-Lefschetz 
filtration. 

At arithmetic infinity, in terms of the complex H3.1|l . for 

= 

A;>max{0,2} 
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the terms 

(r!?^? © if m-i= 0(2), fc> max(0,z) 



f4 18) j^i,m-n,k _ I p+q=m ^ 

^ ■ ' ' \p-q\<2k~i 



otherwise 



give the archimedean analog, at the level of the real differential forms, of the E\'™ '-term of the 
spectral sequence (|4.17|) . At arithmetic infinity the weight is i — m. 

These analogies suggest a geometric interpretation of the indices involved in the definition of (|3.1|) . 
The first index is associated to the £-th piece of an "archimedean monodromy filtration" Li on 
ffip+(j=m (f^^*^ ffi ^'x')r, with £ — —i. This explains our previous comment that the archimedean 
complex should be thought of as a filtered copy of A*''''. The cutoffs |p — < 2fc — z and k > max{0, i} 
correspond to considering the filtered piece LgA"''' = W2k+e+iA''''^ in Steenbrink's theory with the cut- 
off by Wk on ri^'^^^(logF), justified by restricting (relative) differential forms to the special fiber. In 
this identification the third index k of H3.1() plays the role of the index k of the anti-holomorphic forms 
in the double complex H4.(j|l . The archimedean theory is a weighted "even theory" since j — m = 2r. 
The second index j = m — n detects the total degree m of the differential forms. 

Finally, we remark that there is a fundamental difference in the definition of the differentials H3.2|l 
(|3.3() in the complex (13.11) at infinity and their geometric analogs (|4.7|1 . In fact, while the differential 
dl is similar in both theories, in the geometric case, the action of d" by the wedging with the form 
9 = f*{dt/t) involves a Tate twist on the rational version of the complex A'*'*^, the differential d" in 
the archimedean case does not involve any twist. 

5. Monodromy and the renormalization group 

In the construction at arithmetic infinity we obtain an analog of the formula H4.4|l for the logarithm of 
the monodromy N as the residue of a connection, in terms of a Birkhoff decomposition of loops and 
a Riemann-Hilbert problem analogous to those underlying the theory of renormalization in QFT, as 
developed by Connes and Kreimer ([7] [S], cf. also 0). 

In our case, the Birkhoff decomposition will take place in the group G of automorphisms of the 
complex (?£, i5), where 7^ is the complexification of T'. The Birkhoff decomposition will determine a 
one parameter family of principal G-bundles Vf_i on P^(C), with trivializations 

(5.1) </.^(z) = 0;(z)-i0+(z), zedAcF\C), ^leC*, 

where 0^ is a holomorphic function on a disk A around z ~ and 0^ is holomorphic on P^(C) \ A, 
normalized by (p~(oo) = 1. The parameter /x is related to a scaling action by M.'^, hy ^ i-^ A/i. We 
shall construct the data H5.1|l in such a way that the negative part of the Birkhoff decomposition 
(/)^ = (f)^ is in fact independent of /i, as in the theory of renormalization. As part of the data, one also 
considers a one parameter group of automorphisms 9, and the corresponding infinitesimal generator 
T = J^6't|t=o, so that 

(5.2) ^x^{e)=Ot,(j)^ie), VA = e*eM;, e G 5A. 
The corresponding renormalization group is the one parameter semigroup 

(5.3) p(A) - Ihn 0-(e)0t,(0-(e)-i), VA = e* G R*+. 

Following 0, one can write 0^(z) in the form 

(5.4) r{z)-' = i+yA^ 



k=l 



with coefficients 



(5.5) 4= / 9^,,{(3)---9.,^iP)dsi---dsk. 
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Here (3 is the beta-function of renormalization, related to the residue at zero of 4> by 

(5.6) /3 = TRes(/), 
where T is the generator of 6t and the residue is defined as 

(5.7) Res0=^(0-(l/z)-i)U=o. 

In the construction at arithmetic infinity, the grading operator $ induces a time evolution on the 
complex (7^,(5) given by the "Frobenius flow" 12.28|l . 

(5.8) Ft = e**, t € R, 
and we denote by 6t the induced time evolution on End(7J, 5), 

(5.9) 0t(a) = e-**ae**, 
with the corresponding T given by 

(5.10) T{a) = j^et{a)\t=^ = [a,^. 

The analogy with the complex of nearby cycles of a geometric degeneration over a disk suggests to 
make the following prescription for the residue of cj): 

(5.11) Res = TV. 

As in the case of Connes-Kreimer, the residue uniquely determines via (|5.5(l and H5.4|l . We obtain 
the following result. 

Theorem 5.1. There is a unique holomorphic map (j)^ : P^(C) \ {0} — > Aut(7^) satisfying H5.4(l . 
with coefficients H5.5|l and residue (I5.11|l . and it is of the form 

(5.12) 0-(z) = exp(-iV/z). 

Proof. First notice that the time evolution (|5.9|l satisfies 

(5.13) et{N) = e* N. 
Moreover, by (|5.1()(l and (|5.11|l . we have 

(5.14) P=[N,^=N 
Thus, we can write the coefficients of (|5.5|l in the form 

Jsi>->Sk>Q 



It is easy to see by induction that 

satisfying the recursion u'j,j^-^{t) — e^*Mfc(t), so that 

This implies that d^. — /k\, hence we obtain that the series (|5.4|l is just 



oo _^ 



and (j) (z) = exp(— 7V/z). □ 



18 



CONSANI AND MARCOLLI 



Correspondingly, we see that the renormalization group (|5.3|l is given by 

(5.15) p(X) = ^exp{tN), VA = e* € M% 
since we have 

(5.16) et,{(l)-{e))^expf-^Nj VA = e* e 



We now show that the other term of the BirkhofF decomposition IjS.lfl is determined by the requirement 
1)5.2(1 of compatibihty between the scahng and the time evolution. 

Theorem 5.2. Consider the holomorphic map 0+ : P"'^(C) \ {oo} —>■ Aut(7^) given by 
(5.17) 0+(^)^expf^^— ^TV 



The loop 4'^{z) — (j) (z) '^4>'^{z) with (f> (z) — exp(— iV/z) and (j)'^ as in ()5.17|l satisfies the relation 
(15:^ . 

Proof. First notice that 1(5.17)1 is indeed holomorphic at z = with 0^(0) = exp(/i7V). By 1(5.1(1 and 
(15.16(1 . the relation ((5.2(1 is equivalent to requiring that, for all A = e* e M!j_, the function satisfies 

(5.18) ^+^(,)=exp(^^7v) Ouicb^ie)). 

For 0+ as in ((5.17() we have 

^,.«(6)) = exp ( ^ A^ n) = exp ( n) exp ( '—^ N 



so that ((5.18(1 is satisfied. □ 

Notice that, via the representation 1(2.24(1 . it is possible to lift the Birkhoff decomposition ((5.1(1 to a 
Birkhoff decomposition of the form 

(5.19) g^{z)^g-iz)-'g+{z), 
where, with the notation of ((2.221) . we have 

g^{z) =u{l/z), g^{z) ^u{fi^/z). 
The renormalization group ((5.15(1 then becomes simply the horocycle flow 



(5.20) p(A) = u{t) 



1 t 
1 



There is a Riemann-Hilbert problem associated to the BirkhofF decomposition considered in the theory 
of renormalization (c/. jSJ). Namely, for 7 a generator of the fundamental group 7ri(A*) = Z of the 
punctured disk, consider a complex linear representation n : Z, G. Under the assumption that the 
eigenvalues of tt{'j) satisfy 

< Re < 1, 



27rV-l 
we can take the logarithm 

(5.21) log^(7). 

By the Riemann-Hilbert correspondence (c/. Q]), a representation tt : Z — )■ G determines a bundle 
with connection (£, V), where the Fuchsian connection V has local gauge potential on the disk A of 
the form 

(5.22) _^+(^)-ii^ili2l^0+(2) + 0+(z)-i d(b+{z), 
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with (p'^iz) the local trivialization of £ over A. The data (£,V) correspond to a linear differential 
system f{z) = A{z)f{z), with V f ^ df A{z)fdz, for sections / € T{A*,£). 

In the case of the cohomological theory at arithmetic infinity, this amounts to a vector bundle 
over P^(C), with fiber 7^, associated to the principal G-bundles 7^^, with transition function the loop 
4>^{z) and local trivializations given by the 4>~{z) and (j)^{z). We use the representation specified by 

(5.23) 7r(7) := exp(-27r\/^ iV), 

which is the analog of H4.5|l . This determines a one parameter family (£^, V^) of linear differential 
systems over the disk A, of the form 

(5.24) V^:£^->£^®o^r!^(logO), 
where the connection on the restriction of £^ over A is given by 

(5.25) = iV [ - + ^^^^ ) dz. 

Using the induced representation H2.24|l in cohomology, this determines a corresponding linear differ- 
ential system on the bundle of hypercohomologies H (5^) with fiber W'{T^), 

(5.26) : W(£-^) ^ W [£-^) ^Ai^ogQ), 

which is the analog of the Gauss-Manin connection H4.3|l in the geometric case. The connections 
(|5.25l) form an isomonodromic family, with 

(5.27) Res.^oV^ = N. 

6. Rees sheaves at arithmetic infinity 

In the description H3.15|) (c/. jTT]) of the archimedean factor of the Hasse-Weil L- function of the "mo- 
tive" H'^{X), for X a smooth projective variety over a number field, the definition of the archimedean 
cohomology H^{X) is motivated by previous work of J. M. Fontaine and it is expressed in terms of 
an additive functor ED (derivation) from the (abelian) category of pure Hodge structures over k = C,M. 
to the additive category whose objects are free modules of finite rank over the M-algebra of polyno- 
mials in one variable endowed with a R-linear endomorphism and satisfying certain properties. More 
precisely one sets 



FifiH'giX, C) ®c C[z±i])=='''' if K = C 

Fif{H'£{X, C) ®c C[z±i])==*''-^~=*'' if K = M. 



Here, Fil'^ denotes the filtration on the tensor product iJ|^(X(C),C) (J^c C[z^^] obtained from the 
Hodge filtration F' on the Bctti cohomology H^{X) :— H^{X{C),C) and the one on the ring of 
Laurent polynomials €[2;'''^] given by F'^C[z^^] := z^'^C[z~^], Vq G Z. By c one denotes the conjugate 
linear involution (complex conjugation) and Fq^ is a C-linear involution (the infinite Frobenius). 

The expectation is that one should obtain a description of the archimedean cohomology together 
with the linear "Frobenius flow" generated by <I> directly by some natural homological construction 
on a suitable non-linear dynamical system. In this direction, a more geometric construction of the 
archimedean cohomology was given in |I3) (c/. par. 3), where it was interpreted (for instance when 
K = C) as the space of global sections of a real analytic sheaf (Rees sheaf) C,l^{H^^^{X),'-f') over R. A 
similar description holds when k = M. Here, as before, 7' denotes the descending filtration F' n F' 
on 7f'"(X'*",R) endowed with its real Hodge structure. The locally-free sheaf Q^{H'^{X),^') has the 
remarkable description (c/. [EI Thm. 4.4) 

(6.1) C^(i?™(X), 7') ^ Ker (r^tt, (f^;,..,,^/^, sd) ^ (R"7r,I?7^x/c)/Tx/c) 

i/™(X) = r(R,Ci:^(i?™(X),7-) a K = (C 
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where tt : x M ^ R is the projection, s is a standard coordinate on R, Aa. denotes the sheaf of 
real-analytic functions on the real analytic manifold R, VTZx/c is the cokernel of the natural inclusion 
of complexes of 7r~^^R-modules on X™ x R 

and Tx/c is the ^R-torsion in R^tt^PT^-x/c- ^x^"xr/r i^ complex of C-valued smooth relative 
differential forms on X**" x R/R which are holomorphic in the X'^^-coordinates and real analytic in 
the R- variable. One considers the scaling flow on R given by the map 0c(s) = se~*. It induces an 
action of this group on the relative differential complex by means of: ■(/'* i'^) — 6*'^°^'^ • (id x This 
action defines in turn a y^R-linear action on the complex of higher direct image sheaves on R. A similar 
result holds when k = R: in this case one gets a ylR>o-action. In the description of H1^{X) given in 
(|6.1() , the Hodge theoretic notions required in the definition of the archimedean cohomology have been 
replaced by using suitably deformed complexes of sheaves of modules on R (on R-° when k = R). The 
deformed complex of locally free sheaves of relative differentials (^^XcxaVa^ ' Altered by the Hodge 
filtration F' , for z coordinate on , was firstly studied by Simpson in . He introduced the algebraic 
version Cc(-ff™(^'"\ C), F ) of the real analytic Rees sheaf and proved that Cc(-ff'"(^'"', C), F ) ~ 
R™7r*(17^^^^iy^i, zd). Following this viewpoint, IjG.lfl is the analogue of Simpson's formula for the 
non-algebraic filtration 7'. A very interesting fact (c/. §4) is that in the real analytic setting, the 
higher direct image sheaves fit into short exact sequences of coherent ylR-modules 

(6.2) ^ R™7r,(7r~UR) -> Wn^ilx^^xR/m sd) A R™7^,I?7^x/c 

where R"'7r, (tt-i^Ir) = H"'{X'"^,R) (g) Ar. We like to think the sheaf R^vr* (r2;^^„^^/^, sd) as the 
archimedean real analytic analog of the relative analytic hypercohomology R™/*i7^^^(log F) over a 
small disk A centered at the origin, whose algebraic description has been recalled in § 3.3. It turns out 
that Cc(^'"(^)i7 ) is also canonically isomorphic to a twisted dual oi W^^T^,'D^lx/c■ More precisely, 
if d, m g Z>o with m + d = 2n {n = dhnX), then there are isomorphisms of ^R-modules (c/. |13| 
Thm. 4.2) 

(6.3) Cc(^"(^)>7-) - {27rV^y-^nomA,X^'n,Vnx/c,Aui-n)). 
The dualizing operation detects the 7 -filtration from the Hodge filtration 

onR'^7^*X>7^x/c• From (jHH 
and (|6.3|l one gets isomorphisms respecting the ^R-module structures and the flow 
(6.4) 

Ker (R"^,(17;^.„^R/R,sd) ^ (R'"^,I?7^x/c)/Tx/c) - (27r^/^)l-"7^om^,(R''7^,2?7^x/c,^R(-ri)). 

This statement is the dynamical sheaf-theoretic analog of the duality isomorphisms between the hy- 
percohomology of the complexes of vector spaces Ker(A^)' and Coker(iV)' of (Prop. 4.13) induced 
by powers of the 'local monodromy at arithmetic infinity', that is, of the duality S of H2.19|l . 
This way, one can reinterpret the archimedean cohomology as the space of global sections on R (on 
R-° when k = R) of the sheaf inverse image in R^tt* (fi^^nxR/R: sd) of the maximal ^R-submodule 
of R^TT^PT^-x/c with support in € R. This statement is in accord with the classical description of 
the inertia invariants as the kernel of the local monodromy map N, viewed as the residue at zero of 
the Gauss-Manin connection 

Ker(ResoV : R'"/,l)^/^(logy) ^(0) ^ R"' f,n-j^/^{\ogY) fc(0)) 

c/. § 3.3 and H5.24|l . (|5.25|l . (|5.26|) in the archimedean case. 

In the archimedean setting {e.g. for k = C), the exact sequences 

(6.5) ^ Cc(^™(^),7-) ^ R"'n,inx..^u/u,sd) (R"V,I?7^x/c)/rx/c - 

are the sheaf theoretic analogs of the hypercohomology exact sequences associated to the nearby 
cycles complex as defined by Deligne in (c/. Exp. XIII, § 1.4: (1.4.2.2)). At arithmetic infinity, 
the hypercohomology of the complex of vanishing cycles is replaced by the hypercohomology sheaf 
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(R™7r*2?7?,x/c)/^/C: whereas the archimedean analog of the variation map in the formalism of the 
nearby cycles produces the duality isomorphisms (|6.4(l . 

The sequence (|6.5ll has also interesting analogies with the exact sequence of Cfc-modules {Ck = idele 
class group of a global field k) 

(6.6) Q^Ll{X)o^Ll{X)^-H^Q 

studied by A. Connes in 0], §111 (33). It is tempting to interpret the Polya-Hilbert space H. as the 
Hilbert space analogue of the cohomology (R'tt^'DTZx/c)/'^x/c- This relations suggest a 'singular 
behavior' of Spec(Z) around infinity. 

One of the interesting questions related to the archimedean cohomology and the archimedean factor 
is that of writing the logarithm log L„(_ff™(X), s) of the regularized determinant (|3.15|l via a Lefschetz 
trace formula for the Frobenius operator. To this purpose, a first necessary step seems that of relating 
the complex T' to a complex of sheaves of (relative) differential forms on X^" x M and eventually 
interpreting the Tate twists in the complex K' (the degree in the variable U inT ) as "Fourier modes" . 
We hope to develop these topics in a future work. 

7. "Arithmetic" spectral triples 

In this section we present a refined version of the proposed construction of an "arithmetic spectral 
triple" in . This version has the advantage that it holds at the level of differential forms and for 
X of any dimension. We first introduce natural subcomplexes and quotient complexes of T' . 

7.1. Inertia invariants and coinvariants. We consider certain complexes of vector spaces related 
to the action of the endomorphism N on (T', S). We introduce the notation C T' for the Z-graded 
linear subspace obtained as follows. For fixed {p,q) with p + q ~ m, let (^™'*)£ C ^™'* be the 
2Z-graded real vector space spanned by elements of the form a (g) U"^' ® , with a € {^^x^ © ^'x')s. 
and (r, k) e Ap,^ lying on the hne k ^ 2r + m + £ {cf. Figure EI). We let = ®p,g(7^"'*)f . 
Each is a subcomplex with respect to the differential d' = hd, while the second differential satisfies 

Similarly, we denote by the linear subspace of T', which is the direct sum of the subspaces (^™'*)f C 
7^™'* spanned by elements a ig) C/'' ® ft'^ , with a G (f^^^ ® ^x^)r and with (r, k) S Ap^q lying on the 
horizontal line k — £ {cf. Figure EJ. Each is a subcomplex with respect to the differential d" , while 
■ ■'e ^ ■'e+i ■ 

In particular, for £ — and fc = 2r + to > 0, we obtain the subcomplex of "inertia invariants" 

To := Ker(Af)-. 

This complex agrees with the complex that computes the W {T' ,6)^^'^ , for all fc = 2r + m > 0, so 
that the map 

H* (Ker(Ar)- , d) ^ H* {T , d)^=" 

is almost always a bijection. 

Similarly, for u € N, one can consider subcomplexes ^ <Z T' 

(7.1) ro;„:=©^^or, =Ker(A^"+i)-. 
These satisfy T' ~ lim 7q ^ . We also consider the quotient complexes 

(7.2) ro;„ e.^^oT, = Coker(A^"+i)-, 

where we denote by 5 the induced differential on Tq ^. We obtain this way T' ~ lim^ 7^ . We call 
Coker(A^)' the complex of "inertia coinvariant" and we refer to the Ker(A^"+^)' and Coker(A^"+-'^)' as 
higher inertia co/invariants. 
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7.2. Spectral triple. We consider the complex 

(7.3) ^„=^o,n®^o;J+l], 

with induced differential Su — 6(BS, where (7q ^, S) and (7q 6) are the complexes of higher invariants 
and coinvariants of (|7.1|l and (|7.2(l . 

We still denote by <i> the linear operator on 7^ which agrees with the operator $ = —Udjj on the 
subspaces © 7q „ and 7q ® 0, identified with the corresponding linear subspaces of T' . 
On the compact Kahler manifold X consider the operator d + d* on real forms f^xE- ^'^^ next 
result we need to assume the following conditions on the spectrum of d + d* : 

#{(r, A) € Z X Spec(d + d*) : t ^ r + X} < oo G M 

(7.4) 

{r + X : r e Z, A e Spec(c? + d*)} C M is discrete. 

Theorem 7.1. Let U{g) be the universal enveloping algebra of the Lie algebra g = sl(2,R). Let Ti.' 
denote the completion of with respect to the inner product induced by H2.2(l . Let D be the linear 
operator I? = $ + (5„ + 5*. Let A = C°°{X,R) (g) U{q). If X has the property (fT^ . then the data 
(A, Ti.' , V) satisfy the properties: 

• The representation H2.23|l determines an action of the algebra A by bounded operators on the 
Hubert space Ti' . 

• The commutators [D, {a)], for a G A, are bounded operators on Ti' . 

• The operator D is a densely defined unbounded self-adjoint operator on Ti.' , such that (1+I?^)~^ 
is a compact operator. 

Proof. The representation of SL(2,M) on T' defined in H2.23|l preserves the subspaces Tq^^ and 
Tq In fact, the operator L changes mi— >m + 2,ri— s-r — 1 and fc i— > fc, so that the constraint k < u 
defining 7q ^ and the constraint k = 2r + to + ^ with Q < I < u defining 7q „ are preserved by the 
action of L. Similarly, the involution S changes to i— s- 2n — m, r i— > r — (n — to) and fc i— > fc, so that 
again both constraints k < u and k = 2r + m + £, for < £ < u, are preserved. Thus, we can consider 
on 7^ the corresponding derived representation da^ of the Lie algebra g = sZ(2,R), 

da^{v) = -^f7^(exp(s'i;))|s=o- 
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Let {v±,vo} be the basis of g with [t;o,w+] = 2v+, [vo,V-] = — 2w_, and [v+,V-] = vq- We have 
da^{v+) = L, while da^{vo) is the Hnear operator that multiphes elements a^V^ with a G f^xR 
by — n + m. Thus, we obtain an action of the algebra U{q) on Ti,' by bounded linear operators. 
We have [a^{-(),5u\ = [<J^{l),5*u\ = hence [V,da^{v)\ = [$,dcr^(w)]. Using [4>,L] = L and [$,^] = 
(— n + rn)S, we obtain that [P, dfT^(ti)] is a bounded operator for all v £ U{2)- The algebra of real 
valued smooth functions C°°{X,M.) acts on T' and on 7^ by the usual action on real forms ilj^^jj. 
This action commutes with $ so that [D, f] — [S^ + (5* , /], for all / e C°^{X, M), and we can estimate 
II f] II < C-sup |d/| for some C > 0. 

For Vu = Su + S':^, we have V = ^ + with = 0. The operator <i> on 7^ has spectrum Z. 

The eigenspace Er with eigenvalue r e Z is the span of the elements 

namely, elements with € f^xM ^^'^ ^« satisfying < ki — 2r — mi < u and < < u- The operator 
I?„ restricted to the eigenspace has discrete spectrum. The multiplicity m\ of an eigenvalue A of 
T^u\Er is bounded by 2unx, where n\ is the multiplicity of A as an eigenvalue of the operator d + d* 
on real differential forms fij^ r. Condition (|7.4|l then implies that V has discrete spectrum with finite 
multiplicities and that (1 + r>^)~^ is compact. 

□ 

When passing to cohomology, we obtain an induced structure of the following form. 

Corollary 7.2. Let now Ti.' denote the Hilbert completion of the cohomology EII (7^, Su) and let I? = 

the operator induced in cohomology. For A = U{g), the triple (A,7t ,1^) satisfies: 

• The representation (j2.23|l induces an action of algebra A by bounded operators on Ti,' . 

• The commutators [P, cr^(a)], for a G A, are bounded operators on Ti' . 

• The operator T> is a densely defined unbounded self-adjoint operator onH' , such that (l+I?^)^^ 
is a compact operator. 

Proof. The statement follows as in the case of Theorem 17. II Notice that now we have Spec($) — Z 
with multiplicites 

KerK:r„.f ^r„+^-^-) , ^. Kerjd" : T,X'''^ ^ f,X'''l 
rur — dim — rr; ^ h dim ; — ; — . 

im(d' : r„;/^^'- ^ r„;f ) im(d" : r„;f ^ t,+'^'^^ 

This cohomological result no longer depends on the property H7.4|l . 



□ 



Recall that {A,'H','D) is a spectral triple in the sense of Connes (c/. if the three properties listed 
in the statement of Theorem 17.11 and Corollary 17.21 hold and the algebra is a dense involutive 
subalgebra of a C*-algebra. 

In our case, the adjoints of elements in A with respect to the inner product on Ti' are again contained 
in A. In fact, one can see that the adjoint of the Lefschetz L is given by 

(7.5) L* = (»[/, 

where J is the interior product and uj is the Kahler form, and we obtain (|7.5() from 

a^{w)~^Lcr^{w) = *{{*■) A lj) U. 

Moreover, a choice of the Kahler form (of the Kahler class in the cohomological case) determines a 
corresponding representation of the involutive algebra A on the Hilbert space H' . The choice of the 
Kahler class ranges over the Kahler cone 

(7.6) /C = {c e iJ^'^X) : / c^>Q} 

Jm 
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for all M C X complex submanifolds of dimension 1 < k < X . Thus, in the case of CoroUarv l7.2l for 
instance we can consider a norm 

(7.7) ||a|| := _sup \\<J^{a)l 

cefC: \\c\\ = l 

where K. is the nef cone and cr^ is the representation of A determined by the choice of the class c. 
Thus, the data {A,H' jV) of Theorem 17. II and Corollary 17. 21 determine a spectral triple. 

An interesting arithmetic aspect of spectral triples is that they have an associated family of zeta 
functions, the basic one being the zeta function of the Dirac operator, 

(viz) - Tr(lPr^) = ^Tr(n(A, |P|))A-^ 

A 

where n(A, denotes the orthogonal projection onto the eigenspace E{X, \T>\). More generally, one 
considers for a €z A the corresponding zeta function 

Ca,p(z) = Tr(a|I?r^) -^Tr(an(A,|I?|))A-^ 

A 

These provide a refined notion of dimension for noncommutative spaces, the dimension spectrum, 
which is the complement in C of the set where all the (^a,T> extend holomorphically. 
One can also consider the associated two- variable zeta functions, 

Ca,p(s, z) ^ Tr(an(A, \V\)){s ~ A)-^ 

A 

and the corresponding regularized determinants, 

det (s) := exp ( --^Ca,X)(s, 2)^=0 ) ■ 
00 a,v \ az J 

Proposition 13.31 then shows that the archimedean factor of the Hasse-Weil L- function is given by the 
regularized determinant of a zeta function (^a,T> of the spectral triple of Corollarv l7.2l namely the one 
for a — a^{w)'^ . One advantage of this point of view is that one can now see the archimedean factor 
of the Hasse-Weil L-function as an element in the family detooa,!? associated to the noncommutative 
geometry {A.H.' ^V). 

Different representations of the Lie algebra g = sl(2), for different choice of the Kahler class and the 
corresponding Lcfschctz operators, were considered also in 20 . It would be interesting to see if one 
can use this formalism of spectral triples in that context to further investigate the structure of the 
resulting Kahlcr Lie algebra (or of the Neron-Severi Lie algebra of projective varieties considered in 

m)- 

In the special case of arithmetic surfaces considered in jlOj . where X is a compact Riemann surface, 
the result of Corollary 17 . 21 can be related to the "arithmetic spectral triple" of |1(J|. 
Consider the complex Cone(A^)' —T'®T' [-f 1] with differential 

acone - _g J ■ 

Proposition 2.23 of TT? and §4 of P show that, for X a compact Riemann surface, we have 

H- {Cone{Ny,dcone) ^ H-(Ker(iV)-, d') W+\Coker{Ny ,d"). 

This is isomorphic to M.' {T^,Su)\u=o- Moreover, under this identification, the operator $ on the 
cohomology W {Cone{N)' , dcone) considered in 10 agrees with the operator <I> on M'{T^,S.y^)\u=o- 
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8. Analogies with loop space geometry 

Besides the original motivating analogy with the case of a geometric degeneration and the resolution 
(|4.t)|) of the complex of nearby cycles, the cohomology theory at arithmetic infinity defined by the 
complex (T' , S) also bears some interesting formal analogies with Givental's homological geometry on 
the loop space of a Kahler manifold (c/. |15|). 

Let X be a compact Kahler manifold, with the symplectic form oj representing an integral class in 
cohomology, such that the morphism lu : Tr2{X) ^ Z is onto. Let LX denote the space of contractible 
loops on X, and LX the cyclic cover with group of deck transformations 

(8.1) 7r2(X)/Ker{w : t:2{X) ^ Z} = Z, 

and with the S^-action that rotates loops. This covering makes the action functional 

(8.2) A{(l)) = / \i(t)€LX 

J A 

single valued, for OA = S^. In fact, if 7 denotes the generator of (|8.1() . we have 7*.4 = .4 + 1. The 
critical manifold Crit{A) = Fix{S^) consists of a trivial cyclic cover of the submanifold of constant 
loops X. Formally, one can consider an equivariant Floer complex for the functional A, which is 
the complex (12.1(1 with a differential dgi ± tt+tt*, which combines the equivariant differential on each 
component of Crit{A) with a puUback-pushforward along gradient flow lines of A between different 
components of the critical manifold. 

More precisely, a formal setting for the construction of equivariant Floer cohomologies can be described 
as follows. On a configuration space C, which is an infinite dimensional manifold with an action, 
consider an 5'"'^-invariant functional A : C —> M., satisfying the following assumptions: (i) The critical 
point equation 'S/A — cuts out a finite dimensional smooth compact S'^-manifold Crit(^) C C. (ii) 
The Hessian H{A) on Crit(^) is non-degenerate in the normal directions, (in) For any a;, y e Crit(y^), 
there is a well defined locally constant relative index ind(a;) — ind(y) G Z. (iv) For any two S'^-orbits 
in Crit(^), the set A1(C'+,C'~) of solutions to the flow equation 

(8.3) ^u{t) + VAiuU)) ^ 0, lim uit) e O*, 

dt t— ►±00 

modulo reparameterizations by translations, is either empty or a smooth manifold of dimension 
ind(C'"'") — ind(C'^) + dim 0+ — 1. ('ijJ The manifolds ^1(0+, O^) admit a compactification to smooth 
manifolds with corners, with codimcnsion one boundary strata Uind(o+)>ind(o)>ind(o-)-^(C~''i C) 
M{0,0~), and with compatible endpoint fibrations 7r± : M{0^,0^) . 

For each component O C Ciii{A) one can then consider the 5 ^-equivariant de Rham complex 

(8.4) 17-f(0):=f7,„„(0)®C[C/,C/-i], 

where U is of degree two, so that the total degree of a ® , with a E ft^ is i = m + 2r. The 
differential is of the form 

(8.5) dsiia(g)U'')^da(SU'' + Lv{a)®U''+\ dgiU ^ 0, 

where Ly denotes contraction with the vector field generated to the S'^-action on O. The complex 
(|8.4|) computes the periodic S'^-equivariant cohomology of O, 

H-in-TiO),ds^)^Hsi^p,AO;C), 

which is the localization of Hgi{0\ C) obtained by inverting U . The Floer complex is then defined as 

(8.6) CFg^ = ©£=ind(0)+m+2r 51™!^^'"'°° (O) , 
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with the relative index ind(C') computed with respect to a fixed base point in Crit(yl), and with the 
Floer differential given by 

(8.7) Do+,o-(a® C/'') = < i-l)"'{Tr+,TT*_a)(g,U'- ind(C'+) > ind(C'-) 

[ otherwise, 

where tt± : M{0^ ,0^) O"^ are the endpoint projections. The (periodic) equivariant Floer coho- 
mology is the C[U, U^^] module 

(8.8) HF-^r{C;A) := H■iCF^^,D). 

The property D"^ ~ for the Floer differential holds because of the structure of the compactification 
of the spaces Ai{0'^ ,0~) and its compatibility with the endpoint fibrations (c/. |2). The periodic 
equivariant Floer cohomology is related to equivariant Floer cohomology and homology via a natural 
exact sequence of complexes (c/. 22 ), of the form 

(8.9) ^ CF*l+ ~* CF*r ^ CF*[- ^ 0, 

where CFg(^ is defined as in H8.6(l . but with C[U] instead of C[U, C/^^] in 18.4|l . The equivariant Floer 
cohomology is defined as 

(8.10) HF*,{C;A) = HF*-i^{C;A) ^ H*{CF*'+,D), 

while the quotient complex CF^C , with the induced Floer differential , computes the equivariant 
Floer homology 

(8.11) HF,^s^{C;~A)^HF*[-{C;A). 

There is also, in Floer theory, an analog of the weight filtration W. given by the increasing filtration 
of the complex H8.6|l by index of critical orbits, ind(C') > k, 

(8.12) WkCF'^°^{C,A) = ®ind(0)>fe, ^+ind(0)=i ^3^(0). 

In the cases where the boundary components corresponding to flow lines in A^(0+,0^) vanish, the 
exact sequence collapses and the Floer cohomology is the equivariant cohomology of the critical set, 
cf. and ^ni- We have then an analog, in this context, of the Picard-Lefschetz filtration in the 
form H4.12(l . by setting 

(8.13) AF'''' := CF^t'"^^'°° /WkCF^t^+^'°° , 
as the analog of H4.6|l . and 

(8.14) L.AF^''^ = W2k+i+iCF'+'"'''^/WkCF^+'"''^^, 
with 

r 9rZ+,+^CF^t'+'^°^ i + k>0 



(8.15) grfAF" 
where 



£+k<0 



gr2fc+f+lCFji — ®ind(0)=2k+e+l,s-i=e+k^S^i^)■ 

ln the case of the loop space of a smooth compact symplectic manifold X, the action functional 
(|8.2() is degenerate, the transversality conditions fail and the setup of Floer theory becomes more 
delicate cf. [53]. The argument of shows that, in the case of the loop space of a Kahler manifold, 
the components Ai{0^ ,0~) contribute trivially to the Floer differential, hence the equivariant Floer 
cohomology is computed by the Ei term of the spectral sequence associated to the filtration W. , namely 
by the infinite dimensional vector space H'{X;C) (E) C[U,U~'^] Clhjh"-^], where h implements the 
action of Z in (|8.1() . 

Thus, one can see a formal analogy between the complex € of (|2.9() and an equivariant Floor complex 
on the loop space. The cutoff fc > is then interpreted as a filtration by sublevel sets, corresponding 
to considering HF'g^ of Cq = ^^^(M>o). The cutoff 2r + TO > instead corresponds in this analogy to 



ARCHIMEDEAN COHOMOLOGY REVISITED 



27 



a cutoff on the total degree of the equivariant differential forms, HFgj . Finally, the cutoff k > r + q 
in 1)2. 4|l can be compared to a splitting of the form 1)8.9(1 . adapted to the Hodge filtration. As in the 
case of the analogy with the resolution of the complex of nearby cycles, also in this analogy with 
Floer theory on loop spaces there is however a fundamental difference in the differentials. In fact, the 
term dgi of the Floer differential is replaced in the theory at arithmetic infinity by hd + d" , which 
would not give a degree one differential on the Floer complex (except in special cases, like hyperkahler 
manifolds, where all components of Crit(^) have relative index zero). 

By the results of Givental, the equivariant Floer cohomology of the loop space also has an action of 
the ring V of differential operators on C*, where Q acts as ?i = 7* and P as a combination of the 
symplectic form and action functional on the loop space, |15) . This structure on the Floer cohomology 
plays an important role in the phenomenon of mirror symmetry. It is interesting to remark that there 
is a conjectural mirror relation between the monodromy and the Lefschetz operators (c/. |17| |21|). 
Thus, the question of developing a more precise relation between the complex (T', S) and Floer theory, 
with the actions H2.27|l of the ring of differential operators on C*, may be interesting in this respect, 
in view of the possibility of addressing such mirror symmetry questions in the context of arithmetic 
geometry, by adapting to arithmetic cohomological constructions the setting of homological geometry 
on loop spaces. 
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